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Abstract. The concept of L-fuzzy systems is introduced. A universal structure of a special 
kind of L-fuzzy system and new constructions, based on a given L-fuzzy system, called the 
supquotient and X-quotient L-fuzzy systems, respectively, are given. Problems of comparison 
and stabilities of L-fuzzy systems are discussed. 
1. INTRODUCTION 
The main task of the study of systems theory is to investigate the organizational structure 
of the world. In [1,2], two mathematical models of the concept of general systems were 
introduced. The development of the concept of general systems was discussed in [2]. From 
the definition of systems given by G.J. Klir in [3] it can be seen that the models in [l, 21 are 
still not general enough to cover some materials studied in [3]. In this paper, the model of 
general systems introduced in [l] is generalized to a new model, called L-fuzzy systems. All 
notations of fuzzy sets are from [4]. Let (L, 5) be a lattice [5], 0 and 1 be the minimum and 
the maximum elements in L. For any subset A C L, let supA and infA be the unique least 
upper bound of the elements in A and the unique greatest lower bound of the elements in A. 
A lattice (L, 5) is called a lattice with order-reversing involution, if there exists an operator 
’ defined on L such that for any a, b, E L, if a 5 b then a’ 2 b’ and Q” = a. In the following, 
a complete distributive lattice L with order reversing involution is fixed. 
Suppose that X is a set. Lx indicates the set of all mappings from the set X into the 
fixed lattice L. A is said to be an L-fuzzy set on X iff there exists a mapping PA E Lx such 
that A = {(~,pA(x)) : z E X}. Without confusion, we just think A is a mapping in Lx; if 
the mapping PA, or say A, has at most two values 0 and 1, then the L-fuzzy set A can be 
seen as the subset {z E X : A(c) # 0) of X. Let A and B be two L-fuzzy sets on X. A = B 
mews PA(z) = pug, for all I E X. A C B means PA(Z) 5 PB(+), for all z E X. Let 
{Ai : i E I} be a set of L-fuzzy sets on X, then C = UisrAi and D = fliErAi are defined 
as follows: PC(z) =sup{/&(z) : i E 1) and PO(Z) = inf{pAi(z) : i E I}, for all z E X. If 
Y C X, then A ] Y = {(Z,pA(z)) : z E Y}. 
2. L-FUZZY SYSTEMS 
Let M be a set. r is said to be an L-fuzzy relation on the set M [lo] if there exists an 
ordinal number n = n(r) such that r is an L-fuzzy set on the Cartesian product M”. 
2.1.Defiaition. 
S is an L-fuzzy system iff S is an ordered pair (M, R) of sets, where R is a set of some 
L-fuzzy relations defined on the set M. The sets M and R are called the object set and the 
relation set of the L-fuzzy system S, respectively; and elements in M are called the objects 
of s. 
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2.2, THEOREM. Suppose that an L-fuzzy system S = (M,R) is such that R = {r} and 
n(p) = 2. Then S c p(MUp3(p2(M) UL)), w h ere for any set X, p(X) = p’(X) is the power 
set of X and for any natural number n > 1, p”(X) = p(p’+l(X)). 
The proof is based on the Kuratowski’s assumption that any ordered pair (z, y) equals 
the set { { x] ,{ x,y] ] [51- 
Suppose that S1 = (Ml, Ri) and Sz = (M2,Rz) are two L-fuzzy systems. The L-fuzzy 
system 5’1 is said to be a sub-system of the L-fuzzy system S2, if Mi c Ms and for any 
L-fuzzy relation r1 E RI, there exists an L-fuzzy relation r2 E Rz such that r1 C r2 1 Ml. 
An example can be given to show that the following statement does not hold generally: If 
two L-fuzzy systems S1 and Sz are sub-systems of each other, then Si = Sz. We still have 
2.3. THEOREM. If two L-fuzzy systems SI = (Ml, RI) and Sz = (M2, R2) are sub-systems 
of each other, and for any ri E Ri, there does not exist rf E Ri such that ri 5 rr, for 
i = 1,2, then Si = Sz. 
Proof: From the assumption it follows that Ml c Mz and M2 C Ml, so Ml = M2. For any 
r-1 E RI, there exists r2 E Ra such that ri c r2 1 Ml = r2; and there exists r; E RI such 
that r2 C rr 1 M2 = r;. So r1 C_ r2 C r;. From the hypothesis it follows that rl = ri = r2. 
So R1 C Rz. A similar proof shows that R2 C RI. So S1 = Sz. Q.E.D. 
2.4. Question 
A. Can the condition in Theorem 2.3 that for any ri E Ri, there does not exist rt E & 
such that ri c r,t , for i = 1,2, be weakened? or replaced by some other condition? B. From 
the proof of Theorem 3.5 in [G] it follows that for any L-fuzzy system S = (M, R) there 
exists exactly one set M(S), consisting of all level objects which are no longer systems, 
where m is called a level object of the L-fuzzy system S, if there exist L-fuzzy systems 
Si = (Mi, fi), i = 1,2, ..a) n, for some natural number n, such that Si E Mi-1, S1 E M, for 
i = 2,3, . . . . n,, and m E M,,. Give a universal structure (similar to that in Theorem 2.2) for 
the L-fuzzy system S such that only elements in M(S) appear in the expression. 
3. STABILITIES OF L-FUZZY SYSTEMS 
Let V be a set, 7 C p(V) and n > 0 an ordinal number. For any v E V, A c V, z E VQ 
andX C Vq, the neighborhood systems of 21, A, E and X relative to 7 are defined in [7] and 
denoted by N(v), N(A), N(Z), and N(X), respectively. Suppose that _fp(V) indicates the 
set of all L-fuzzy sets on V and let 7 C fp(V) b e an L-fuzzy cover of V [4]. For A E fp(V) 
such that A(v) = X # 0, for some o E V, and A(u) = 0, for all 21 E V with u # V, we denote 
A by VA. If X = 1, we will not seperate VA and v. 
For and VA E _fp(V), the L-fuzzy neighborhood system N,(vx) of VA relative to 7 is defined 
by 
Nf(vx) = {A E 7 : VA E A}. 
Any A E No is called an L-fuzzy neighborhood of VA. For any A E fp(V), the support 
of A is defined by 
Supp(A) = {v E V : A(v) # 0). 
The L-fuzzy neighborhood system NJ(A) of A relative to 7 is defined by 
Nf(A) = {U(f(z) : 2 E Supp(A)} : f : S~PP(A) + u{Nf(@A(u)) : v E Supp( 
such that f(v) E Nf(,uA(v)), for v E Supp(A)}. 
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Elements in NI (A) are called L-fuzzy neighborhoods of A. For any ordinal number T) > 0, 
let pi : Vq - V be the projection for each i E ‘I. Define 
S = {U E fp(V”): th ere exists Bi E 7, for i E 9, such that U = tTieqpr’(Bi))- 
It can be shown that if y is an L-fuzzy cover of V, then S is an L-fuzzy cover of V”, where 
r) > 0 is an ordinal number. 
For any v E V” and any X E L with X # 0, the L-fuzzy neighborhood system N,(Q) of 
VA relative to y is defined by 
iV,(vx) = {A E S : VA E A}. 
For any A E fp(Vo), the L-fuzzy neighborhood system N/(A) of A relative to y is defined 
by 
&(A) = {UV(+) : 3: E Supp(A)} : f : Supp(A) 4 U{N,(v+)) : v E Supp(A)) such 
that f(u) E Nj(“A(v)), for v E Sz~pp(A)}. 
Suppose that S = (M, R) is an L-fuzzy system. For any P E R and any ordinal number 
p > 0, define the p-initial section I(r,) of r as follows: I(r,,) c M’ and for any z E Mp, z E 
I(r,) iff there exists y E MV such that r(t, y) > 0, where v > 0 and p + v = n(r); and 
define the p-final section E(r,) of r by that E(r,) c MY and for any z E M”,z E E(r,) iff 
there exists y E Mp such that r(y,z) > 0. Let 1, = U{l(r,) : p < n(r)}, E, = U{E(P~) : 
p < n(r)), IR = U{lr : r E R} and ER = U{E, :rER). ForanyrER,non-zeroXEL 
and z E &, let r~(z) = {y E E, : r(z,y) = A}. An L-fuzzy system S = (M,R) is said to 
be L-fuzzy system with a covering y (an L-fuzzy covering y), if y is a cover of M (y is an 
L-fuzzy cover of M). The concepts of stabilities of input-output systems and general systems 
in [7,8] can be generalized to L-fuzzy systems. For example, we can have the following (a 
detailed study about the stabilities of L-fuzzy systems will be contained in a fourthcoming 
paper PI): 
3.1. Definition 
Let S = (M, R) be an L-fuzzy system with a covering y, (2, y) E In x ER and a non-zero 
X E L satisfy that r(z, y) = ii, for some r E R. Then the pair is said to be A-stable relative 
to y iff for any L-fuzzy relation r E R with r(z, y) = X, any open neighborhood W of X 
and any neighborhood CJ E N(rx(z)), there exists a neighborhood V E N(z) such that 
r(V x V) C W. 
4. MAPPING PROPERTIES 
Let h : Ml 4 Mz be a mapping, where Si = (Afi, I&), i = 1,2, are L-fuzzy systems. For 
any ordinal number n > 0, let A : MF + M,” be defined by letting fi(tc,zi, . . . . ta, ..,) = 
@(x0), h(Xl), ***, h(h), . ..I. f or any (20,21, . . . . ta, . . . ) E MF. Without confusion, we still use 
the same symbol h to indicate the mapping tr. 
4.1. Definition 
The L-fuzzy system Si is said to be homomorphic to the L-fuzzy system S2 iff there exists 
h : Ml ---, Mg such that h(R1) = {h(r,) : t-1 E RI} C Rz. The mapping h is called a 
homomorphism from Si into SZ. 
4.2. Definition 
Suppose that S = (M, R) is an L-fuzzy system and E an equivalence relation on M, then 
M/E = {[m]~ : m E M}, where [m]~ = {z E M : (z,m) E E}. Define the sup-quotient L- 
fuzzy systems m = (M/E, m) by m = {D : r E R}, where p : (M/E)“(‘) + L is 
defined by r/E([?n]E) = sup{r(z) : t E n[m]~}; and define the inf-quotient L-fuzzy system 
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S/E = (M/E, R/E) by R/E = {r/E : T E R}, where r/E : (M/E)n(r) + L is defined by -- 
r/E([m]E) = inf{r(x) : x E H[~]E}. 
4.3. Definition 
Two L-fuzzy systems Si = (Mi, R+), i = 1,2, are said to be similar, if there is a bijection 
h : MI + MZ such that h(R1) = R2, h-‘(R2) = R 1 and for any distinct r, s E RI (and R2) 
h(r) # h(s) (and h-‘(r) # h-‘(s)). Th e mapping h is said to be a similar mapping from 
S1 into S2. 
4.4. THEOREM. Suppose that h : Ml -+ M2, where Si = (Mi, &), i = 1,2, are L-fuzzy 
systems, is a homomorphism from S1 into 5’2. Then there exists a sub-system S; = (Ml, R;) 
of 5’1 such that Si/Eh = ST/E* and h : Ml/Eh + h( Ml) is a similar mapping from SiIEh 
into h(&) = (h(Ml), h(Rl)), where fi([m]~,,) = h(m) and Eh = {(z,y) E Mf : h(t) = 
h(y)). 
The proof can be completed if we let 5’; = (Ml, Ri) be defined by the following: define 
an equivalence relation E on RI by that for any L-fuzzy relations r, s E RI, (r, s) E E iff 
h(r) = h(s). Th en f rom the axiom of choice it follows that there exists a subset R; of R such 
that the intersection Ri fl [r]E is a singleton, for any r E RI, where [r]E is the equivalence 
class of the relation E containing the L-fuzzy relation r. 
5. A FEW FINAL WORDS 
The research of general systems theory can be divided into two categories. One category 
is the part of the theory studied with the ordinary language. This part of the theory 
discusses the most general principles of systems and contains almost no deep results. The 
other category is the study of the theory based on mathematics. This study does contain 
some theoretical results, but does not have the generality that the general systems theory 
is supposed to have, see, for example, the research in [l, 2,6 - 9,111. The reason for this to 
happen is because the meaning of relations defined there is too narrow to deal with relations 
we are faced with in our daily life. The concept of L-fuzzy relations [lo] gives us a better 
opportunity to study problems of wider range. At the same time, the study presented in 
this paper shows that the structure of L-fuzzy systems is much richer than that of general 
systems. 
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